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1 Introduction

The notion of being measurable or belonging to a measure space hinges on set theory.
Some set examples are {0}, {"cat”, “ fox”, “dog”}, RP. Some typical set operations are
union, intersection, complement, belong to, and subset.

2 o-algebra/field

Definition 2.1 (o-algebra/field). Let Q2 be a set. Then a o-algebra F on 2 is a class/collection
of subsets of 2 such that

1. 0 e F,
2. (closed to complement) A € F = A° € F,
3. (closed to countable union) Given a countable collection of elements in F, i.e.,
A1, Aoy € FoUp A € F.
Remark 2.2. 1. A o-algebra is also closed under countable intersection.

2. intersection of any arbitrary collection of o- algebras on a set is a o-algebra.

If we replace the countability condition with finiteness, then a o-algebra becomes
an algebra.

Definition 2.3 (Algebra/field). Let Q be a set. Then an algebra F on (2 is a class/collection
of subsets of {2 such that

1. 0eF,
2. (closed to complement) A € F = A° € F,

3. (closed to finite union) Given a finite collection of elements in F, i.e., A1, Ao, ..., A
F, U A, € F.

We can generate a o-algebra from a set as follows:

Definition 2.4 (o-algebra generated by A). Let € be a set and A be a collection of subsets
of 2. The smallest o-algebra containing A is called the o-algebra generated by A, and
is denoted by o (A).

An important class of o-algebra is the Borel o-algebra.

Definition 2.5 (Borel o-algebra). Let (2 be a set endowed with a topology. The Borel
o-algebra on Q, B(f), is the o-algebra generated by the collection of open subsets of (.

Remark 2.6. 1. B(R) is also generated by the set of all open intervals, half-open
intervals, or closed intervals.

2. B(R) is also generated by the set of the intervals of the form (z,00) or (—o0, x).



3 Measurable/measure space
Definition 3.1 (Measurable space). A pair (2, F) is said to be a measurable space if F is a

o-algebra.

Definition 3.2 (Measure). Let (2, F) be a measurable space. A measure p on this space
is a set function such that
1. p: F —[0,00],
2. u(0) =0,
3. (Countable additivity) If a countable collection of disjoint elements in F, A1, Ag,--- €
F, then u(UR; An) = Y52 il Ay).
Definition 3.3 (Measure space). The triple (2, F, 1) is called a measure space.

Remark 3.4. Let (€2, F, ;) be a measure space.

1. (Monotonicity) V A, B € F such that A C B, we have u(A) < u(B).
2. (Countable subadditivity) ¥V Aj, Ag,--- € F, we have p(Ur2; An) < 302 u(Ay).

Now, think about how you would define a measure on R3. It would require a
measurable space (e.g., (R3, B (R3)) and Lebesgue measure which we will cover later in
the course.

Why do we need measurable spaces to define measures? Can’t we just define
measures on 2°? By Banach-Tarski paradox, if we define a measure p on R?, then we
can show that p(-) is either 0 or co or even undefined! See the figure 1 for more details..
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Figure 1 Visualization of Banach-Tarski paradox (credit: Danielle Tsao).
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1 Properties of o-algebra

Last time we introduced c-algebra. Let’s remark on some important properties of it.

Remark 1.1. 1. Qe F.
2. A o-algebra is also closed under countable intersection.

3. intersection of any arbitrary collection of o- algebras on a set is a o-algebra.
We can generate a o-algebra from a set as follows:

Definition 1.2 (o-algebra generated by A). Let € be a set and A be a collection of subsets
of Q. The smallest o-algebra containing A is called the o-algebra generated by A, and
is denoted by o(.A).

Proof. The proof of existence follows three steps:

1. There exists at least one o-algebra containing A: the power set 2.
2. We can denote all o-algebra B; containing A as {B; : i € Z}.
3. We know that ();c7 B; (i) is still a o-algebra, (ii) still contains A, and (iii) the

smallest o-algebra containing A.
O
Definition 1.3 (Topological space). In point-set topology, a topological space (£2,7) is one
such that
1. Q is a set

2. 7 is a class of subsets in Q such that (a) §,Q2 € 7, (b) closed to arbitrary union,
and (c) closed to finite intersection.

An important class of g-algebra is the Borel o-algebra. The definition in the textbook
is
Definition 1.4 (Borel o-algebra). Let (2 be a set endowed with a topology. The Borel
o-algebra on 2, B(12), is the o-algebra generated by the collection of open subsets of €.
And the definition in the lecture is

Definition 1.5 (Borel o-algebra). Let (€2, 7) be a topological space, then Borel o-algebra of
(Q,7)is o(7).
Remark 1.6. 1. B(R) is also generated by the set of all open intervals, half-open

intervals, or closed intervals.

2. B(R) is also generated by the set of the intervals of the form (z,00) or (—oo, x).



2 Properties of measurable/measure space
Last time we also introduced measurable space and measure. Let’s remark on some

important properties of them.

Definition 2.1 (Probability measure and Probability space). If a measure p on a measurable
space (9, F) satisfies p(2) = 1, then it is called a probability measure. The triple
(Q, F, ) is then called a probability space. In this case, elements of F are usually called
events.

Remark 2.2. Let (€2, F, ) be a measure space.

1. (Monotonicity) V A, B € F such that A C B, we have u(A) < u(B).
2. (Countable subadditivity) V A1, Ag,--- € F, we have u(lUs2; An) < 302 1(Ay).

3. (Continuity I) Let A, Ag,--- € F be a collection of increasing events in F (i.e.,
A1 C Ay C--+), then p(UsZ; Ap) = limy oo p(Ap).

4. (Continuity IT) Let Ay, A, --- € F be a collection of decreasing events in F (i.e.,
A1 D A D ---) and p(2) < oo (e.g., probability measure), then p(N,2; An) =
limy, 00 1(Ap)-

3 Well-approximation theorem
Let (92, F, 1) be a measure space. If p is a probability measure, then any element of F

can be arbitrarily well-approximated by elements of any generating algebra.

Theorem 3.1 (Well approximation of a o-algebra that generates it). Let (€2, F, 1) be a probability
space. Let A be an algebra that generates F. Then for any A € F and any € > 0, there
is some B € A such that n(AAB) < €, where AAB is the symmetric difference of A
and B.

Proof. Define G := {A € F : A can be e-approximated by A}. Thus, by definition,
G C F and A C G. We can show that G is a o-algebra (see the proof in the textbook).
Thus, G 2 0(A) = F. Thus, G = F. O

4 Motivating Caratheodory’s extension theorem

How can we define “measure" of R? We have seen why Banach-Tarski paradox says
we cannot define p over 2%, Consider P := {(a,b] : a < b € RU {—00,00}}. Let
w((a,b]) == b —a. If we want to extend from (R,P,u) to (R,o(P), 1), this will be
Caratheodory’s extension theorem. Specifically, we want

. VAEP, i(4) = u(A).

o i is a measure of support o(P).

o i is the unique extension from (R, P, u).
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1 Big picture

We aim to define a measure on R. Given the Banach-Tarski paradox, we CANNOT
define a measure over 2®. Instead, we aim to define a measure over a subset of 2%,
which are called the class of measurable sets. To achieve this, we need Caratheodory
extension theorem. It has five steps.

2 Step 1: Dynkin’s 7-)\ theorem

The first step is to show that if there exists such an extension from (P, u) to (o(P), i),
it must be unique. Intuitively speaking, if we want to measure something on o(P), there
should be only one way to measure it. To show this, we use Dynkin’s 7-A theorem.

Definition 2.1 (7-system). Let €2 be a set. A class P of subsets of €2 is a 7-system if it is
closed under finite intersection, i.e., VA, B € P, we have AN B € P.

Example 2.2. {(a,b) : a < b € R*} is a m-system.
Definition 2.3 (A-system). Let €2 be a set. A class £ of subsets of €2 is a A-system if

1. Qe L,
2. closed under complement,

3. closed under countable disjoint union
Lemma 2.4. If a \-system is also a w-system, then it is a o-algebra.
Proof. Skipped in the lecture. See the textbook. O

Theorem 2.5 (Dynkin’s 7-A theorem). Let ) be a set. Let P be a mw-system of subsets of €,
and let L D P be a A-system of subsets of Q. Then L 2 o(P).

Proof. Skipped in the lecture. See the textbook. O

Theorem 2.6 (Unique extension). Consider a m-system P and two measures pu1, o on the
same measurable space (Q,0(P)). Then, as long as,

1. u1, o agree on P, i.e., VA € P,ui(A) = ua(A).

2. (o-finiteness) 3 a sequence Ay, Ag,--- € P such that A,, increases to Q and i, o
are both finite on every Ay,

w1, po agree on o(P).



Proof. Consider any A € P such that pi(A) = pa(A4) < oo. Let
L:={Be€o(P): (AN B) = (AN B)}.

We claim that £ is a 7w-system containing P. Clearly, 2 € £. To show the closeness
under complement, consider any B € L, then

(AN BS) = p1(A4) — (AN B) if 1 (A) < o0
= pi2(A) — p2(AN B)
= ua(AN B¢ if 11 (A) < oo.

So B¢ € L. Finally, to show the closeness under countable disjoint union, consider a
countable disjoint collection of elements Bi, B, ... in L. Let B := ;> B,,. Then,

m(ANB) =M1<Aﬂ fj Bn)

n=1

:M1<G(AmBn)>
n=1

= Z pi(ANBy) " countable additivity

n=1

= i ,“2(14 N Bn)

n=1

= pu2(ANB) *.» countable additivity.

By Dynkin’s 7-A theorem, o(P) C mcL. By construction of £, £ C o(P). So o(P) = L.
So far, we have proven for every A € P and B € o(P) such that p;(A) < oo and

u1(AN B) = ua(AN B). By the given conditions, there exists an increasing sequence
A, — Q such that u(Ay,) < co. So for any B € o(P),

pr(B) = lim (AN B) = lim pz(AN B) = p2(B).
O

We continue to prove Caratheodory extension theorem. We first want to extend
(P, p) to (29,u*) for some p* and then restrict it to (.7-"“,;1*) where F** is defined

by u*. Caratheodory showed that (1) F*" is a o-algebra and (2) p* is a measure on
FH . Then, (Q, F“*,u*) is a measure space that extends (P, ).

We will show how to construct us over 2 in the next lecture. This time, we
will show (Q, FH, u*) is a measure space by as long as u* is an outer measure, then

* .
(Q, FH ,u*) is a measure space.



3 Step 2: Outer measure

Definition 3.1 (Outer measure). Let © be a set and to 2% is the power set. A set function
¢ : 2% — [0, 00] is called an outer measure if

1. ¢(0) =0,
2. (monotonicity) If A C B, then ¢(A) < ¢(B),
3. (subadditivity) If Ay, Ag,--- € Q, d(Unzq An) < D02y d(Ap).

How to define the o-algebra induced by ¢, F®? Let’s use the definition of ¢-
measurability.

Definition 3.2 (¢p-measurable). If ¢ is an outer measure on a set €2, a subset A C () is
called ¢-meausrable if for all B € €,

O(B) = $(B 1 A) + 6(B N A,
Remark 3.3. A subset A is ¢-measurable if and only if ¢(B) > ¢(B N A) + ¢(B N A°).

Theorem 3.4 (Caratheodory). Let Q be a set and ¢ be an outer measure on Q. Let F?
be the collection of all p-measurable subsets of Q. Then, F? is a o-algebra and ¢ is a

measure on F®, i.e., (Q,]—"d’, QS) S a measure space.

Proof. The first step is to show F? is an algebra. To show () € F?, we want to
show ) is ¢-measurable. Since VE C Q, ¢(END) = ¢(@) = 0 and ¢(ENO°) =
HENQ) = ¢(F), we have ¢(E) = 0+ ¢(E) = ¢(END) + ¢(ENP°). Next, to
show F? is closed to complements, consider any A € F®. Then, for any E C ,
H(E) = ¢(ENA) + ¢(EN A = ¢(EN (A)) + ¢(E N A°), implying that A° € F?.
Finally, to show F? is closed to finite union, consider any A, B € F®. Let D := AU B.
Then,

$(E N D) + ¢(E N D)

o (AUB))+¢(EN (AU B)°)

EnN

EN(AU(B—A)))+ ¢(ENA°NB°)
EnNn

(E

(A U(BNAY)))+ ¢(ENA°NB°)
A)U(ENBNAS))+¢(ENA°NB°)
A)+¢(EmBmA°)+¢(EmA°mBC)
A) + ¢(E N AS) . B is ¢-measurable

IN

N
N

(
&
&
9(
¢(E
O(E
O(E).
On the other hand, by monotonicity,

¢(E) = o((END)U(END)) < $(END)+ ¢(ENDE).
So ¢(E) = ¢(EN D) + ¢(E N D°).

We will continue the rest of the proof in the next lecture. O
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1 Continuing step 2

Recall the Caratheodory theorem from last time,

Theorem 1.1 (Caratheodory). Let Q2 be a set and ¢ be an outer measure on §). Let F¢
be the collection of all p-measurable subsets of Q. Then, F¢ is a o-algebra and ¢ is a
measure on F®, i.e., (Q,f¢, qb) 1S a measure space.

Proof. Step 1 is show that F? is an algebra. We have done this last time. Step
2 is to show ¢ is finite-additive over F?. In other words, for any E C Q and any
disjoint Ay, Ag,..., A, € F?, ¢(EN (A1 UAU---UA,)) = 3", ¢(ENA;). Define
By, :=Uj-; 4;. Then,

d(ENBy)=¢(ENB,NA,) +¢(ENB,NA;) "~ A, is ¢p-measurable
=¢(ENA,)+¢(ENDBy_1)
=¢(ENA,)+d(ENBp1NAy 1)+ ¢(ENB,_1 NAS_ ) " Ap_1 is ¢-measurable
:d)(EﬂA )+¢(EnAn 1)+¢(EmBn 2)
=Y ¢(ENA;)
=1
Step 3 is to show that if A1, Ao, ... is a increasing sequence of ¢-measurable sets

to A C Q (A is not necessarily ¢-measurable), then for any £ C Q, ¢(ENA) <
lim, 00 ¢(E N A,). Define B, := A, — Ap_1 = Ay N (A,—1)¢. We have the following
observations:

1. B,’s are disjoint and in F.

3. ¢ is finite additive over F? so for any E C

B(EN Ayp) _¢<Em (0 Bi>) :Xn:¢(EﬁBi).

i=1 i=1



Now, lim,, oo ¢(E N Ap) = limy 00 Y1 ¢(EN B;) = >0, ¢(E N B;). Thus,

¢<E0A>:¢<Em<[’j B>>

i=1
= qs(G (EN Bi)>
=1

<> ¢(ENB)
i=1
= lim ¢(E N Ay).

Step 4 is to show that F¢ is a o-algebra (i.e., F¢ is closed to countable union). Let
A1, As,--- € F® we want to show A = J°2; A, is ¢-measurable. For any given n,
define B, := U, A;. Then, for any E C Q, since B,, € F? from step 1 (F? is closed to
finite union), ¢(F) = ¢(E N By)+¢(E N BS). Since B, = J*1 A; C A, ENBS O ENAS,
and ¢(E N By) > ¢(E N A°) by monotonicity. So ¢(E) > ¢(E N By,) + ¢(E N A).

To finish proving F? is a o-algebra, by applying step 3 to B,, ¢(ENA) <
lim, oo #(E N By). So, ¢(E) > ¢(ENA)+ ¢(EN A°) by taking the limit on both
sides. On the other hand, ¢(E) = ¢((ENA)U(ENAS)) < ¢(ENA)+ ¢(ENA°).
Thus, ¢(E) = ¢(ENA) + ¢(E N A°), implying A is ¢-measurable, and thus in F¢.
Thus, F? is a o-algebra.

Step 5 is to show ¢ is a measure over F?, i.e. ¢ is countable additive. Consider a
countable disjoint collection A;, Ao, --- € F?. Define B,, := ", A;and B =2, A4;
such that B,,’s increase to B which is in F? from step 4. Thus,

implying that ¢(B) > 372, ¢(A;) by taking the limit on both sides. The first inequality
follows from monotonicity. The first equality follows from finite additivity (set £ = Q in
step 2). On the other hand, the countable subadditivity implies ¢(B) = ¢(|Ui2; 4;) <

i21 9(Ai). So ¢(B) = 32, ¢(Ai). H
2 Step 3: Construction of ;/*

The final step to prove Caratheodory extension theorem is to construct an outer measure
pw* on 2. Let’s also fully state the theorem here.

Theorem 2.1 (Caratheodory extension theorem). If (A, ) is a tuple such that

1. A is an algebra of subsets of (2.

2. 1 is a pre-measure over A, i.e.

(a) p: A—10,00],
(b) p(@) =0,



(¢) (countable additivity over an algebra) For any disjoint Ay, Ag,--- € A, as
long as U =1 A € A then M(U%ozl An) = ?:1 M(An>7

then there exists an extension of (Q, A, u) to (Q,0(A), i) such that the latter is a
measure space.

In addition, if there exists a sequence A; € A such that Q = ;2 A; and p(A;) < oo
(i.e., u is o-finite), then the extension above is unique.

Proof. As stated before, it remains to construct an outer measure p* such that pu* = p
over A. For any A € 22, define

u (A) = inf{i,u(Ai) A e ALAC Ej Al}.
i=1

i=1
So fi in the theorem statement is p* restricted to o(.A).

Step 1 is to show u* is an outer measure.

o Since p*(0) < (@) =0 and p*(P) > 0 trivially, u*(0) = 0.

o Forany AC B CQ, u*(A) < pu*(B) since any cover of B is a cover of A.

o For any Ay, As,--- C Q, let A := U2, A;. By the definition of infimum, fix
an € > 0 and for each ¢, let {AZ]}OO be a collection of elements in 4 such that
Ai CUjAij and 355 p(Aij) < p(Ai)+e2” “. Then, A = U;4; C U;U; A;;, implying
that

Since € is arbitrary, p*(A) < >°7° p*(A;).

Step 2 is to show p* is an extension of u: i.e., for any A € A, u*(A) = u(A). Check
Lemma 1.5.3. in the textbook.

Step 3 is to show F** D A. For any A € A and any E C Q, let A, Ay,... be
any sequence of elements of A that cover E. Then {4; N A};°, covers EN A and
{A; N A}, covers E N AC. Thus,

p (ENA)+p*(ENAS) < ZM(Ai NA)+ > pu(A;n A
=1 =1

{iuA N A) + u(A; mAC)}

=1

o0
Z u(A . countable additivity of pu.
i=1



By the definition of infimum, p*(E) > p*(ENA) + p*(E N A°). On the other hand,
by the subadditivity of u*, p*(E) < p*(EN A) + pu*(E N A°), so p*(E) = p*(ENA) +
w*(E N A°). Therefore, A € F** by definition, and A C F* .

The addition part of the theorem is proved by the Dynkin’s m-A system and the
unique extension theorem in the last lecture. O

Remark 2.2. In the theorem statement, o(A) = F* and ji = u*.
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1 Lebesgue measure space on R'

Let A be the set of all subsets in R! such that they are finite disjoint unions of half-open
intervals of (a,b] N R where —oo < a < b < co. Then, we know A is an algebra and «
generates the Borel g-algebra of R.

Define X : A — R as the measurement of the length of an element in A. Then A is
a o-finite measure on A.

2 Completion of o-algebra in a measure space

In probability theory, we wish to have: as long as A € F such that P(A) = 0, then all
the subsets of A are in F. A measure/probability space is complete if it satisfies the
property above.

For example, (R,B(R), )\‘B(IR)) is not complete but (R,}"’\*,)\‘}.A*) is complete.

Proposition 2.1. Given any measure space (0, F, i), we can extend it to a complete
measure space (2, F', 1') by applying Caratheodory extension theorem to (F, ). Note
that F C F'.

3 Measurable function

Recall from mathematical analysis that the (Riemann) integration is defined as some
sort of area under the function. Now we introduce the Lebesgue integration which
is more general than the Riemann integration and defined based on a measure space
(Q, F,p). It is written down as

[ f@du().
Q
Lebesgue integration requires a measurable function, so let’s talk about this idea.

Definition 3.1 (Measurable function). For two measurable spaces (2, F), (¥, F'), a function
or mapping f : Q — ' is said to be F-F' measurable if for any A € F', f~1(A) :=
{weQ: flw) e A} € F (ie., fYF) CF).

Lemma 3.2. Let (2, F), (Y, F') be two measurable spaces and f : Q — Q' be a function.
Suppose there is a set A C F' that generates F', and suppose that f~*(A) € F for all
Ae A (ie., f7YA) CF). Then f is F-F' measurable.

Proof. Define B := {B C Q': f~Y(B) € F}. It’s easy to verify that B is a o-algebra.
Then, we know A C B, so F' = o(A) C B (i.e., for any A € F', f~1(A) € F. O



Proposition 3.3. Suppose (Q,7), (¥, 7') are two topological spaces and F,F' are their
Borel o-algebras. Then any continuous function from 0 into ' is F-F' measurable.

Proof. By the definition of continuity, f~!(7') C 7 C o of T and o(7') = F'. The lemma
shows f is F-F' measurable. O
3.1 Rules of measurability

How do we easily verify the measurability of a function? Here are some important

propositions.

Proposition 3.4 (Composition of measurable functions). Consider three measurable spaces
(QF), (Y, F)N, Q" F"). If two functions f,g are F-F' and F'-F" measurable, then
go f is F-F" measurable.

Proposition 3.5 (Sum and product of measurable functions). Consider two measurable spaces
(QF), (R,B(R)). If two functions f,g: Q — R are F-B(R) measurable, then f+g, f —
g, f * g are all measurable.

Proposition 3.6 (Left-continuous and right-continuous). Any right-continuous or left-continuous
function f: R — R is measurable.

Proposition 3.7 (Monotone). Any monotone function f : IR — R is measurable.

Proposition 3.8 (Infimum and supremum). For two measurable spaces (2, F) and (R*, B(R*)),
let {fn},~, be a sequence of measurable functions from Q to R*. Then, we have the
following:

o g:=inf,>1 fr and h :=sup,>, fn are measurable,

o liminf, ,» fn and limsup,,_, fn are measurable,

o If f, — f pointwise, then f is measurable. This can be generalized to any general
function f from (2, F) to another measurable space (S, B(S)).
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1 Lebesgue integration

1.1 Setup

Consider a measurable function f : (Q,F,u) — (R*, B(R*)). We want to define the
Lebesgue integration

| F@dute).

1.2 Indicator function
Let f :=14(-) for some A € F. Then,

[ f@)dn(w) = u(a).
Q

1.3 Nonnegative simple function (NSF)

Let f:=3,_1a;ila,(-) for some n < co,a; > 0, A;’s are disjoint elements in F. Then

/Q F)du(w) = 3 am(Ay).
=1

Remark 1.1. e If fisan NSF and a > 0, then a - f is an NSF and so

/afdu = a/fdu,

o For any NSFs f and g, f + g is still an NSF and
/(f+g)du=/fdu+/gdu

1.4 Nonnegative measurable function
Let f:Q — [0, 00]. Define SE™*(f) := {all NSF bounded by f}. Then

| fe)dni) = o [ s

geSF+

1.5 General measurable function

Let f : @ — R*. Define f* := max{f,0} and f~ := —min{f,0}. Observe that
f=fT—f where f*, f~ are measurable and nonnegative. Then

| f@dn) = [ tdu= [ 1-du



Definition 1.2 (Well-defined integral). Consider any measurable function f : Q@ — R*. [ fdu
is said to be well-defined if one of [ fTdu, [ f~du is finite (in order to avoid co — 00).

Definition 1.3 (Integrable). A measurable function f :  — R* is said to be integrable if
both [ f*du, [ f~du are finite.

In practice, we usually do not integrate over the entire {2 but a subset S C ). We

define
[ gdu= [ 1150y

2 Linearity of Lebesgue integration

We want to show the following proposition that Lebesgue integration is a linear operator.

Proposition 2.1. If f, g are measurable and nonnegative from € to [0, 00|, then
o J[(f+9)dp= [ fdu+ [gdp and
o Forany a € R, [(af)du =« fdu.
If f,g are measurable and integrable, then for any o, B € R,
e af + Bg is integrable and
o (af +Bg)dp=o [ fdu+p [ gdp.
To prove this proposition, we need the following two propositions or theorems:

Proposition 2.2. Given any negative measurable function f, there exists a sequence of
NSFs { fn},~, increasing pointwisely to f.

Proof. See the textbook Proposition 2.3.6. 0

Theorem 2.3 (Monotone convergence theorem (MCT)). Consider a sequence of measurable,
nonnegative functions { fn},~, increasing to f pointwisely. Then,

e f is nonnegative,
e f is measurable, and
o limy oo [ frdp = [ fdu.
Proof. See the next lecture note. O

Now let’s prove the first part of proposition 2.1.

Proof. By proposition 2.2, there exists increasing sequences of NSFs {f,},-; and
{9n}n>1 to f and g. By MCT,
1. lim [ fp,du = [ fdp and lim [ g,dp = [ gdp,

2. fn+gn isan NSF such that [(f, + gn)du = [ fadp+ [ gndp and f,,+ gy, increasing
pointwise to f + g,



References

/(f + g)dp

lim (fn + gn)dp

n—oo

lim (f + gn)dp

i (f s+ o)
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1 Recap

There are some nice properties on Lebesgue integration

1. In many simple cases (e.g., f is continuous, bounded, and has bounded domain),
if f is Riemann integrable, then it is also Lebesgue integrable and two integrals
are equal.

2. Lebesgue integration is a linear operator.

2 Monotone convergence theorem (MCT)

Before we prove the MCT, we need two lemmas.

Lemma 2.1. If f, g are two measurable, nonnegative functions such that f < g, then
[ fdp < [ gdu

Proof. Since f < g, SE*(f) C SF*(g). So

/fd,u: sup /sdu
sESFT(f)

<  sup /sdu
s€SFT(g)

= /gd,u.

Lemma2.2. Let s be an NSF on Q. We can define v : F — R* such that v(S) = [q sdu
for each S € F. Then v is a measure over (€2, F)

Proof. By construction, v > 0 and v(f)) = 0. Let Si,S2,... be a sequence of disjoint



sets in F, and let S :=J;2; S,. Then,
u(S) = [ stw)dn(w)
- /S > aila()in(e)

_/<Zaz]lA ) w)dp(w)
:/ZaﬂlAmS(w)dﬂ(W)
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Recall the MCT.

Theorem 2.3 (Monotone convergence theorem (MCT)). Consider a sequence of measurable,
nonnegative functions { f,},~, increasing to f pointwisely. Then,

e f is nonnegative,
e f is measurable, and

Proof. Because f, > fn, for all n > m, by the first lemma, [ f,du > [ findp. Thus,
[ fndu is increasing, implying that lim [ f,du exists and can be oo.

Because f > f,, by the first lemma again, for all n [ fdu > [ f,dp, implying that
[ fp > Ty e [ Fadpt

Take any s € SF*(f) and fix arbitrary o € (0,1). By the second claim, we can
define v(S) = [qsdu for any S € F. Define S, := {we Q:as(w) < fu(w)}. Since
s € SFT(f) and f, increases to f, S, increases to Q. So v/(.S,,) increases to v(£2). Now we
have [ sdp = v(Q) = limy, 00 ¥(Sp) = limy, 00 fSn sdp. This implies that « [, sdp =
av(Q) = limy, 00 av(S,) = limy, 0o fSn asdp. Thus, [asdy = lim, e fSn asdy =
limy, 00 [ aslg, (-)dp < lim, o0 [ fndp. The last equality follows the first claim.



Now we have for any s € SFT(f) and any a € (0,1), a - [ sdu < limy,_y00 [ fndu,
implying that [ fdu = SUD SR+ (f),ae(0,1) a [ sdp <lim [ frdp. O
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1 Fatou’s lemma

Lemma 1.1 (Fatou’s lemma). For a sequence of measurable nonnegative functions f,
/(lim inf f,)dp < lim inf/fndu. (1)

Proof. Define g, := inf,,>y, fn. We can see that g, > 0, g, is increasing to liminf f,,,
and g, < f,. The LHS of the equation (1) is [lim g,du = lim [ gpdp < liminf [ f,du
which is the RHS of the equation (1). The first equality follows from MCT, the first
inequality follows from that [ g,du < [tf,du. O

2 DCT

Theorem 2.1 (DCT). Suppose the following:

1. fn:Q — R* are measurable.
2. f:=lim f, exists pointwisely.
3. fn’s are dominated by an integrable function h(-), i.e., Ih : Q@ — R* measurable

such that Vn,Yw € Q, | fn(w)| < h(w) and [ hdp < co.

Then, We claim that

1. [ fdp = [lim fpdp =lim [ f,dp.
2. lim [|fn, — fldu = 0.

Proof. The proof is based on Fatou’s lemma. Observe that following:

1. From the homework, we know f is measurable.
2. Since Vn, |fn| < h, we have |f| < h.

3. Since | f,| < h and |f| < h, we have f, +h and f + h are measurable, nonnegative,
and integrable.



fn—=f = fath—>f+h
== /liminf (fn+ h)dp < lim inf/(fn + h)dp " Fatou’s lemma

. /(f+h)dugliminf/(fn+h)du

— /(f+h)du:/fd,u+/hdygliminf/fndu+/hdu
:liminf/fndu—i-/hd,u
“ fyh, fn, f + h, fn + h are integrable and /hd,u < 00

== /fd,ugliminf/fndlu.

5. It remains to show that [ fdu > limsup [ f,du. Apply the argument in (4) to
— fn, —f. In particular, we have

[nap <timint [(~p)dn — ~ [ gdp= [(=pdu < tmint [(~f,)dp
= —lim sup/(fn)d,u
= /fdu > limsup/(fn)du

O]

Remark 2.2 (Remarks for DCT). e The dominated condition, which is the third condi-
tion, CANNOT be dropped. i.e., if it doesn’t hold, then probably [lim f,du #

lim [ f,du.

o Notice that the nonnegativity is need for MCT and Fatou but not needed for
DCT.

e The second claim implies the first claim as

[ g tim [ d = tim| [ (5 = fu)du
<tim [17 ~ fuld

=0.

e The first claim implies the first claim as applying the first claim to the sequence

gn ‘= ‘fn_f‘

Here’s an example of DCT theorem.



Example 2.3. Given x1,x2,...,Zy i foo (- ) the goal is to estimate or infer 6y based only

onzy,...,x,. The MLE method is to find 6, such that = arg max 0ce 2i—1108 fo(zi),

1mply1ng that  is the root of 2 [ *_, log fg(x;)]. Fisher claimed that 6 should be close
to 0g, as 00 should make = ZL 1359 log Jo(zs)| =0, close to 0. By the law of large numbers,
1 o 89 log fo(z; |9 90 should converge to IE[ log fo(X ]9:60}, and we claim that

E [% log fo(X)| 6:90} is 0. The proof from 513 goes as follows:

0 0
[3«9 log fo( )|9:90} = 89 log fo( )’gzgofeo(a:)dzz:

80/f60 - DCT

When can we switch [ and 27

Proposition 2.4. Let f : 7 X Q — R where T is an open set in R. Then, under certain
conditions, we have Va € I, L[ [ f(z,w)du(w)] = f[dl,f(x w)dp(w )}

3 "Almost everywhere" and "Almost surely"

Definition 3.1 (almost everywhere). Consider a measure space (€2, F, ). A set A € F is
aid to happen almost everywhere (a.e.) if and only if u(A€) = 0. In this case, we say A
is u-a.e., or A is a.e.

Definition 3.2 (almost surely). It is a.e. when a measure space (€2, F, 1) is a probability
space.

Example 3.3. We say f = g a.e. if, except for a p-measure 0 set, f = g. i.e.,, AL € F
such that u(F) =0 and f(w) = g(w),Vw € E°.

Remark 3.4. If (Q, F, 1) is complete, then f = g a.e. if and only if p({w : f(w) # g(w)}) =
0.

Example 3.5. We can say that f, — f a.e. if, except for a set E of u(E) = 0,
fo(w) = f(w),Vw € E°.

Proposition 3.6. Assume f : Q — [0,00] to be measurable, we claim that [ fdu = 0 if
and only if f =0 a.e..



Proof. To prove the backward direction, suppose f = 0 a.e., then Vg € SF*(f), we have

[ gdu = 0.
To prove the forward direction, we prove by contradiction. If f : Q — [0, c0] and
f # 0 a.e., then

u({w: fw)+0}) >0 — p({w: f(w)+0}) >0 :u@{w flw) > i}) .- set theory
— u{w: fw)+0}) > 0 =limp({w: f(w) > 1}) >0
— 3n.u({w: fw)>3}) >0
= [fduz [ 110z [ 1A= #l) - g

where A, := {w: f(w) > L}. O
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1 Famous Quote from Fang today

“I don’t like mathematical induction. It’s unintuitive to me." — Fang Han

2 Review and introduction

So far we’ve covered

o (Chap 1) Measure space (2, F, i), Lebesgue measure on R and R"™ based on
Caratheodory extension theorem. From (A, u4) to (o(A), ) and to (]—"“*,u).

o (Chap 2) Lebesgue integral of f: (2, F,u) — (R*, B(Rx)) where f is a SS, NSF,
nonnegative, or general function. Also we learned linear operator, MCT, Fatou,
and DCT.

Next, in Chapter 3, we will learn product space, which generalizes R™ and Fubini-Tornelli
theorem. The motivation

1. The homework gives a specific way to define A on (R", B(R")); but it CANNOT be
easily generalized to a general “n-dimensional" space. For example, given two man-

ifolds (M1, Fi,u1) and (Ma, Fa, u2), how to define on (My x Ma, F1 X Fa, u)?

2. The Fubini-Torelli theorem. From mathematical analysis,

[ iy = [( [ @ )ds)ay

where the inside integral is Riemann and the equality is under some conditions.
Also, the notation of d(x,y) is confusing. From measure theory, we have

[ faduta.y)

where the integral is Lebesgue and du(x,y) will be defined on product measure in
a product measure space w.r.t. product measurable space.

3 Product space

Definition 3.1 (Product set). Given finitely many general measure spaces: (21, F1), (2, F2)
yevoy (R, Fr) with n < co. Then we can define the product set as

QIZQl XQQX--'Qn.
ie, w=(wy,ws,...,w,) € Qif and only if wy € Qy,wy € Qg,...,w, € Q.

Example 3.2. If each 2; = R, then 2 = R". If n = 2, Q) can be a rectangle.



Definition 3.3 (Product o-algebra). Given a product set 2. The product o-algebra over 2 is
F=F1xFax - xF,=0{A1 xAgx -+ xAp: A1 € F1,As € Fo,-+ , An € Fp}).
Example 3.4. If Q; = {0,1},Qy = {0, 1,2}, what is F; x Fa?
Remark 3.5. o (£, F) is called the the product measurable space from (1, F1), (2, F2)
9 (QTL7 ‘Fn)'
o If (4, Fi) = (R,B(R)) for each i = 1,...,n, then (2, F) = (R, B(R)).

e Given 27 X Q9 X ---Q,, and F1 X Fo X - -+ Fp,, suppose we have n measure spaces
(Q, Fi, 1), (Qa, Fo, pi2), - .y (n, Fn, ). What would be the corresponding prod-
uct measure on (§2, F)? In particular, when (2, F) = (R", B(R")), I wish the prod-
uct measure to be Lebesgue measure. To answer this question, we start with if p is
a product measure, then p should satisfy for any A; € F1, As € Fo, ..., Ay, € Fp

,u(Al X A2 X oo X An) = H,U,Z(AZ) (1)

Next, define p = pg X <+ X pp over (21 X -+ X Qy, F1 X -+ x F,) following
Chap 1’s method: (A, u4) to be set up such that (1) A is a algebra, (2) u4 is
an pre-measure over A, and (3) Equation (1) holds true over (A, u4). Then,
Caratheodory gives us a measure space (o(.A), ). It remains to construct a “good"

(A7 :U'A)'

Theorem 3.6 (Product measure space). Given

1. (0, F) is a product measurable space;

2. Fach (4, F;) has a o-finite measure p; (uniqueness of the extension).

Then there exists a unique measure = pi X «-+ X p, over (Q,F) such that for any
Ay € Fi,..., A, € Fp, equation (1) is true.

Proof. Tt remains to construct (A, uy4) and show it satisfies the previous conditions.
Let A := {finite disjoint union of rectangles (i.e., Ay x --- x A, with 4; € F;)}. Then,
for any A € A,

pa(A) = MA(U Ajp X - X Am)
i=1

f: (Ail)p2(Ai2) X pn(Ain)-

It is immediate that p4 satisfies the equation (1). We claim that A is an algebra and
4 is a pre-measure on A. To see this, follow these steps:

1. A is an algebra. It is proved by applying induction w.r.t. the dimension n in
(Q X oo X Qp, Fi X o X Fp).



2. u4 is a pre-measure. We will only prove p 4 is countable additive over A.

Now, we proceed with the proof by induction. The base case n = 1 is trivial. Assume
that p is indeed a product measure over dimension n — 1. Using a similar argument of
the homework (prop. 1.6.4.), we just show as long as

Alx"'XAn:U(Ailx"'XAin)

i=1
then
o0
(AL X e x Ap) =Y (Ain) X o X pn(Ai).
i=1
To show this, we use dimension reduction.
1. Wefixanz € Ay x --- x A,,—1. Then introduce an index set Z = Z, to index all
1 =1,2,... such that x € Al X Ajg X -+ X Ai,n—l-
2. We can show, since Ay x -+ A, =1 A1 X -+ X Ay, we have A, = U;ez Ain-
3. observe that {A;, :i € I} is a disjoint sequence.
4. Ve € Q0 X -+ X Qp_1,

LAy xxAn_1 (T) - pn(An) = Z ﬂAi,1><~~><Ai,n—1($)Nn(Ai,n) (2)
=1

. To see this, if z € A} x --- A,,—1, LHS of the equation (2) is u,(A4;,) and the
RHS of the equation (2) is Y";c7 ftn(Ain) = pn(Ayn). Otherwise, both LHS and
RHS of the equation (2) are 0.

5. By induction, (1 X -+ X Qp_1,F1 X -+ X Fp_1, 41 X -+ X fip—1) is a product
measure space. Let p/ := g X -+ X fip_1.

/1A1X---XAH_1(x)ﬂn(An)dM/ :/Z:H'Ai,lx"'XAi,n—l(x)Mn(AiJL)dIU’/
=1

from the last step. Then LHS of the equation (2) is pp, (An)p/' (A1 X -+ X A1) =
fin(An)pa (A1) X pp—1(Ap—1) and RHS = 3732 pin (Ain) - p'(Aig X -+ X Ajp_1).
Since LHS is equal to RHS from the last step, we have []; ui(A4:) = 3272, TI7=y pi(Aij) =
Yoo (A X -+ X Ajy), implying the countable additivity.

O]
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1 Famous quote from Fang today

“You will see it in 30 seconds. No, 15 seconds. Wait, just 1 second!!!" — Fang Han

2 Review

Given product space on (2, F1, p1), (Q2, Fo, p12)s -« -, (Qn, Fny fin), We can construct
Q= XX Qp, Fi=Fy XX Fp,and p = pg X -+ X fin. (Q,F) is called the
product measurable space, (2, F, ) is called the product measure space, and p is called
the product measure over F.
We claimed that p is the unique measure over (2, F) such that p(A; x -+ x A,) =
o1 ki(A;) for any A; € Fi.
3 Fubini Theorem

What would be the corresponding [ f(wi,ws, ..., w,)dy where f: Q — R* is measur-
able w.r.t. F. Fubini’s claim is about how and when

/fU)]_,..., (,U,1>< X:un // /fwla"'v dﬂldﬂ2 dﬂ

Theorem 3.1 (Fubini-Tonelli theorem for Lebesgue measure). Given a finite collection of
measure spaces (21, F1, 1), (o, Fo, 112)s -« oy (Qy Fony i) and Q1= Qp X -+ X Qp, F :=
F1 X oo X Fp, and = p1 X + -+ X pin. Then,

1. It suffices to consider n = 2.

2. Assume (Qq, F1, 1), (Qa, Fa, u2) to be two o-finite measure space.

3. Consider (2, F, ) to be the product measure space.

4. Consider f : Q1 x Q9 — R* to be measurable.
We claim that if f is either nonnegative or integrable, then

1. The following two functions x — [q, f(z,y)dp2(y) and y — [o, f(z,y)dui(x) are
well-defined and measurable,

2. (Fubini)

/fﬂ:yduxy /Q Qfﬂﬁy)dm( y)dpa (z /Q Qfﬂ:y)dm( x)dpa(y).
(1)

3. (Tonelli) If either fo, [fo,|f (2, 9)ldpa(y)] dun () or fo, [ Jo, |F (@, )| dpss ()] dpsa ()
is finite, then f is integrable w.r.t. p and we can apply Fubini to f.



Proof. To prove the third claim above, assume the first and the second claims to be held.
Then because |f(z,y)| > 0, the first and the second claims imply [q,|f(z,y)|du(z,y) =
Ja, linta, | f(z,y)|dua(y)ldp (x) < oco. This yields f is integrable.

The proof of the first claim is left as an exercise.

Step 1 To prove the second claim, we start to assume that f is a naive simple
function: f = 14,x4,(w) where A; € Fi, Ay € Fao,w € 1 x Qy. We assume A; X Ag is
a rectangle in F here. The LHS of the equation (1) is [ ,q, 14,x4,((z,y))du(z,y) =
w(Ay x Az) = p(A1)p(Az) by the definition of Lebesgue integration. The RHS of the
equation (1) is

/Q[/ Lo () da) s () = /. [Q2ILA1< 7)1y (y)dpz () | dpn (o)
= [ @Al @

— 1s(Ay) /Q 1, ()dpir ()

= p2(A2)u1(A1)
= LHS.

Step 2, consider an advanced simple function f = 14(w) where A is an arbitrary
element in F. This can be proved through Dynkin’s 7 — A theorem. Construct a
class of sets B := {A € F : Fubini’s claim is true for 14((-))}. Observe that B C F and
{all rectangles in F} C B from step 1.

Next, we want to show that B is a A-system. Hereafter, instead of assuming o-finite,
I’ll assume g1 and po to be finite. To show the closeness under countable disjoint union,
consider disjoint elements By, By, x € B. The LHS is [, 15(-)dp = pu(B). The RHS

is fo, [fQQ ILB(-)dug}dul = Ja, #2(Bz)du where By := {y € Q2 : (z,y) € B}. We claim
that B, = (Bp), and (By), for n=1,2,... are disjoint. So

/ po(By)dp = / 2 ( fj (Bn)x> dpy

n 1



To show the closeness under complement, claim that (B€), = (B,), implying that
B € B. Then the RHS of 1p¢(-) is

pa(B), s = [ (B2 )
= | (ua() = pa(B))dpn
= (%) [ i~ /| 2 (Ba)dp ()

= (%) [ i~ [ 150

= Mz(QQ)/Q dur — p(B)

= u(©2) — w(B)
= pu(B°)

= | 1ae()dp

= LHS.

Q1

Then, define D := {all rectanges in Q}. Observe that D is a m-system, D C B, and
o(D) =F.

Finally, Dynkin’s 7 — A theorem confirms that 7 O B D (D) = F, implying that
B=F.

Step 3, consider a nonnegative simple function f = >1"; a;l4,(w) w.r.t. (Q,F).
Assume the step 2 holds. We have

LHS—/( ai]lAi(-)>d,u
Q\i=1
= (al / La,(: du) - LI is linear
Q

[ JlAi(-)duz]dm . Step 2
Q2

/ l/ Z(IJA d,ugl dpy . LI is linear
Q4 Q

n



Step 4, consider a nonnegative measurable function f. With MCT and Prop 2.3.6.,

Lis = | fa.y)d

= lim / fndp - MCT and Prop 2.3.6.
Q

n—oo
/91

_ / { lim fndm}dm - MC
Q1 Lo
— RHS.

lim
n—oo

/ fnduz} dm] -step 3
Qo

Step 5, consider an integrable function f. We have
LHS = / fdu
Q
:/ f+d,u—/ f~du - definition of LI
Q Q
Z/ / frdpadpn —/ / J 7 dugdpy - step 4
Q1 JQo Q1 JQ2

= / JT = dpadi
Q1 JQo
— RHS.
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1 Inequalities

Theorem 1.1 (Markov inequality). Let (2, F,u) be a measure space and a measurable
function f: Q — [0,00]. Then for anyt >0,

plfw e fw) 2 0) < 5 [ san

Remark 1.2. In probability theory, Markov inequality is stated as P(X > t) < EIXT for

[
any t > 0.

Theorem 1.3 (Jensen’s inequality). Let (2, F,P) be a probability space and f: Q — R* be
measurable and integrable. Let I O Range(f) be a interval in R* such that ¢ : I — R is

convex. Then
o [ 1ar) < [ (o pap.

Theorem 1.4 (Young's inequality). If x,y > 0 and (p, q) is a natural couple, i.e., p,q < 1,
1,1 _
p,q < 00, 5—#5—1, then
2P q
ry < — + Ly
p q

Theorem 1.5 (Holder’s inequality). For any measurable function f,g : 0 — R* and any
p € [1,00],

- gl < 1Al - llgll 2o

whenever L +1 =1,
p g

Theorem 1.6 (Minkowski inequality). For any p € [1,00] and any f,g satisfy f,g: Q — R*,
£l Les 19l e < 00, and measurable,

1F+glle < [1fllze + gl Lo-

Proof. It needs Jensen’s and Holder’s inequality.

Suppose p = 1. The LHS is [|f + gldu < [(|f| + [gl)dp = [|f|dp + [lg|dp which is
RHS.
Suppose p = oo,then esssup|f(w) + f(w)| < esssup|f(w)| + esssup|g(w)|.



Suppose p € (1,00). Then,
(LHS)” = /\f +gPdu
= [15 gl 15 + 9P du
< /\f\ |f gl du + /Igl A f +glP " dp

<|flls - |1 + gl

[ gl v - H\f +9|p71HLq " Holder’s inequality

2 2 11
= fllge - 1If +gllfo + lgllpe - [1f + gl Vot =L

_P
Thus, ||f + g||]2pq <|Ifllze +1lgllze- Since p— £ =1, we have the desired result. [

2 [? space

Definition 2.1 (LP norm). Let (Q, F,u) be a measure space and f : © — R* be a
measurable function. Then for any p € [1, 00], the LP norm of f(-) is defined to be

1. If p € [1,00), [|fllpp == (JIf["dp)7,

2. If p=o0, ||fl||p == inf{K € [0,00] : |f| < Ka.e.}. This is also called “essential
supremum”.

A

Definition 2.2 (LP space of measurable function). Let (€2, F, u) be a measure space. The
space, LP(Q, F, i), is defined to be {f : @ — R* : f is meausrable and ||f||;, < oo}.

Theorem 2.3 (LP space). We have the following claims:
1. Any LP function space is a vector space equipped with a norm, ||-||;,, i.e., LP is a
normed vector space.

2. This LP space is a complete function space w.r.t. ||-||;,. i.e.,

(a) (Triangular inequality) LP norm is indeed a norm; in particular, for any
g€ LP(Q,F 1), IIf +9lle < N fllpe + 91l -

(b) (Completeness) Any sequence of functions that is Cauchy w.r.t. LP norm
will converge to limit w.r.t. LP norm. Cauchy means a sequence of functions
{fn} is so that for any € > 0, there exists N. such that for any n,m > N,
an - fm”LP <e.

If these two claims are true, then LP(Q2, F, ) is a complete normed vector space, i.e., a
Banach space.

Proof. The first claim is proved by Minkowski’s inequality.
We will prove the second claim in the next lecture. O
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1 Review
Recall the definition

Definition 1.1 (L? space). The space LP(2, F, p) is {f : @ — R*; measurable and ||f]||;, < co}.

Theorem 1.2. Any LP space, coupled with ||-||;,, is a normed complete space, i.e., Banach
space.

Theorem 1.3 (Minkowski inequality). For any p € [1,00] and any f,g satisfy f,g: Q — R*,
NSl e gl » < 00, and measurable,

F+glle < [1fllze + gl Lo-

Theorem 1.4 (Holder's inequality). For any measurable function f,g: Q — R* and any
p € [1,00],
F gl < M f1lze - gl Lo

whenever % + é =1.

Remark 1.5. When p = ¢ = 2, we obtain Cauchy-Schwartz
f =gl < 112 - gl e

For example, E[XY| < /E[X?]\/E[Y?].

Proof. If p=1,q = oo, then
LHS = [17 - gld
= [17llgldn
< [1llglpdn

= llgllz~ [1ldn
= RHS

If p = 00,q = 1, we have the symmetric argument.
If p,q € (1,00), we will use Young’s inequality. Let u := W and v = W
assuming that || f||;, < oo and ||g||;4 < co. Notice that ||u||;, = ||v||;, = 1. Also, for

any w € €,

wlw)? q

G CIC)]
p q

[u(@)o(w)] = |lu(@)] - [v(@)[| <



by Young’s inequality. This implies that

[t < [P | Sl
p q

ullyy |, llellg,

p q

1

_1
P g

< ‘

so [[fgldu <[ flLollgllLa- O

Now, we want to show the completeness of LP norm. That is, any sequence of
functions that is Cauchy in the LP norm converges to a limit in LP space. We start by
showing the following lemma.

Lemma 1.6. Consider {f,} to be a Cauchy sequence w.r.t. LP norm:
Ve>0, 3IN;>0 st Vn,m>Ng, ||fo— fmlle <e

We claim that 3 some f € LP(2,F,u) and 3 a subsequence {fn,}r_qo  such that
fn, — [ a.e. as k — oo.

Proof. The idea is to construct an {nj} and use Borel-Caretalli 1st lemma. We follows
these steps:

1. Since f,, — f a.e. as k — oo, 3B € F such that u(B¢) = 0 and Yw € B,
frp (W) = f(w) as k — oo.

2. By the Cauchy sequence condition, for any k = 1,2,3,4,..., pick ¢ = 2%,
Ni = N¢,, np = N + 1. Then by definition, for £ =1,2,..., ank — fnk+1||Lp <

€k (I 27]6).
3. Defien A, := {w cN: ’fnk(w) - fnkﬂ(w)‘ > 2_%}. Then by Markov inequality,
P
ng -~ Jn d
272
k
=22 fu = frncal 1

k
< 27pei

— 9% o—kp

kp
=277,

This implies that > 52, u(Ar) < > hey 2% < .

4. 1st (B-C) lemma: Let (Q,F,u) be a measure space and A, Ay,--- € F sat-
isfy > 021 pu(Ap) < oo. Then, pu({w € Q : w is in infinitely many A,’s}) = 0, i.e.,
{w € Q: w is in infinitely many A,’s} is dominating €.



5. Define B := {w € Q : w is only in finitely many A’s} where Ay, = {w (@) = frp ()] = 2_5}.

Using 1st (B-C) lemma, we have u(B€) = 0. In other words, if w € B, for all
sufficiently large k, we have

[ fre (@) = Fap ()| <275
implying that
Vw e B, {fn,(w)} is a Cauchy Real sequence.
implying that
Sicne the real space is complete, we have Vw € B, f,,, (w) — a limit as k — oo
implying that

3 a measurable function f s.t. f,, — fa.e.
6. It remains to show f € LP(Q, F,n). ie., ||f||;» < co. Using Fatou’s lemma,

/liminf[fnk|pd,uSliminf/]fnk|pd,u = /|f]pdugliminf/|fnk]pdu

= [|fI7» < liminf||f[[75 < oo

Theorem 1.7 (Riesz-Fischer). LP(Q2, F, u) is complete.

Proof. Given p € [1,00). Then, fixing an arbitrary € > 0, there exists N, such that
for any n,m > N¢, ||fn — fml||;» < €. The previous lemma then states there exists

{nk}tp—1 o, and there exists a measurable f € LP(2, F,p) such that fy, hope f ae.
Then, for any n > N,

Jita = $Pd = [t | = fo Py

< lim inf/\fn — faPdp " Fatou’s lemma = lilgn inf|| fr — fu, s
— 00

<

for any k large enough. This means LHS = ||f, — f|[}, <& = ||fn — fl|;» — 0 as
n — oo = f, = f a.e. The case when p = oo is left to prove. In conclusion, L?
space is complete. ]

Theorem 1.8 (Lyapunov theorem). Consider (Q, F,IP) to be a probability space. Let f :
Q — R* be measurable. Then as long as p < q € [1,00], then ||f|l;» < |[flljq- i€
| fllp increasing w.r.t. p.



Proof. 1t is based on Jensen by realizing
q
¢z — |x|P

is convex when 1 < p < ¢ < oo. Then

1915, = ( f1s7a)’
—o( [Ifran)

< [ o(111du
= /Iflp'%du

<%

3=

So [[fllge < |Iflla- If, on the other hand, ¢ = oo, [|f]|» = ([IfPdp)

1
< (If e [ 1dp) 7 =
[|f|| - If p =g = o0, there is nothing to prove. O
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Starting today, we will talk about probability theory built on measure theory.

1 Random variable

Definition 1.1 (Random variable). A random variable is a measurable function X : (2, F,P) —
(', F') where P(Q2) = 1 and Q' is an object space.

Remark 1.2. o In this class, we focused on real-valued random variables X : (Q, F,P) —
(R, B(R)).
o P(X € A) for some A € B(R) is defined to be P({w € Q: X(w) € A}).
o If there are two random variables X, Y defined on some (2, F,P) then

PH{X €AY eB})=P{weQ: X(w) € A,Y(w) € B}).

e Forany f: R — R, f(X) := fo X. eg, if f(x) = 22, then f(X) = X2 ie,
FX (@) = (X(w))*

o The “o-algebra generated by a random variable X” is defined to be o(X) :=
X~YB(R)). i.e. o(X) is the smallest o-algebra in ) such that X is still measur-
able.

o If {X;},c7 (T is a general index set NOT necessarily countable) is a collection of
RVs defined on the same probability space: X; : (2, F,P) — (R, B(R)), then the
o-algebra generated by {X;},.; is defined to be o({Xi},c7) := 0(Ujez 0(Xi)).

1.1 Cumulative distribution function

Definition 1.3 (Cumulative distribution function (CDF)). Cumulative distribution function
(CDF) w.r.t. a RV X is defined as Fx : R — [0, 1] such that Fx(t) := P(X <t) =
P{w: X(w) < t}).

Theorem 1.4. Suppose F : R — [0,1] such that it is non-decreasing, right-continuous,
and lim;_,_ oo F(t) = 0 and lim;_,oc F'(t) = 1. Then 3 a probability space (2, F,P) and
a RV X over it such that F is the CDF of X. Conversely, if X is a RV on (Q, F,P),
then Fx satisfies the properties above.

Proof. Define (2, F, P) := ([0, 1], BIR) N[0,1], A|jp.1)) and X (w) := inf{t € R : F(t) > w}.
The X is called the generalized inverse of F' (F~) or quantile transformation. It can
be verified that X indeed has CDF = F. Then by 512 knowledge, we can complete the
proof. O



1.2 The law of a random variable
Definition 1.5 (The law of random variable). The law of a random variable X is the induced
probability measure, denoted as px(Px), over (R, B(R)) such that ux(A) =P(X € A)

Remark 1.6. If X and Y have the same law, and g : R — R is a measurable function,
then ¢g(X) and ¢g(Y) also have the same law.

Theorem 1.7. Two random variables have the same CDF if and only if they have the
same law.

Proof. The backward direction is trivial. To prove the forward direction, suppose
Fx =Fy. ThenVt e R, P(X <t) =P(Y <t) or ux((—00,t]) = py((—o0,t]). Then,
by the uniqueness extension theorem, px = puy over o({(—oc,t];t € R}). O
1.3 Probability density function

The probability density function is usually introduced using Radon-Nykodym theorem
plus Lebesgue decomposition theorem, and is the Radon-Nykodym derivative between
two laws.

Definition 1.8 (Probability density function (PDF)). Suppose we have a function f: R — R
such that it is nonnegative, integrable, [ f(x)dA(xz) = 1. Then it defines a probability
measure over (R, B(R)) :

umy:Aﬂ@wuy
The function f is said to be the pdf of v(-), which is the law of a continuous RV.

Theorem 1.9. A function f is the pdf of a RV X (i.e., f is the pdf of px ) if and only if
VA = [a,b] with a,b to be any continuity points of Fx, we have ux(A) = [, f(z)dx.

Proof. The proof is left as a homework problem. O

Theorem 1.10. If f, g corresponds to the same law, then f = g a.e.

Theorem 1.11. If f is the pdf, then F(t) := jfoo f(y)dA(y) is the CDF of the law that f
corresponds to. Conversely, if F' is a CDF on R for which there exists a nonnegative
measurable function f satisfying F(t) = ffoo fly)dX(y) for all t, then f is a pdf
generating the probability measure corresponding to F'.

2 Expectation

Definition 2.1 (Expectation). For random variblae X : (Q, F,P) — (R, B(R)), the expec-
tation of X is defined as

MM:LXMWW)

provided that the integral is well-defined.



Theorem 2.2 (The unconscious statistician theorem). If the RV X has the law px, then, for
any measurable function g : (R, B(R)) — (R, B(R)). We claim that

Elg(X)] = | g(X()dP()

—/ r)dpx (x
= | s@)f@drw)

Proof. We divide the proof by cases: super simple function, NSF, nonnegative function,
and general function. O

Remark 2.3. If X > 0, then E[X]| = [{"P(X > t)dA(¢).

The definitions of variance, covariance, moment generating function, characteristic
function can be defined based on the expectation. See details in the textbook.

3 Independence

Definition 3.1 (Independence of o-algebras). Consider (2, F,P) and Fi, Fa,...,Fn C F
to be a sub-c-algebras of F. Then we say JFi,...,F, are independent if for any
Ay e Fi1, Ay € Fo, ..., A, € F,, we have

n n
P(ﬂ Ai> =[P4
i=1 i=1
Definition 3.2 (General definition of independence). Any collection {F;},.; with F; C F is

said to be independent if any finitely many of them is independent.

Definition 3.3 (Independence of sets). Any collection {A;};.; with A; € F is said to be
independent if ANY FINITELY many o({A;}) are independent.

Definition 3.4 (Definition of independent of RVs). Any collection {X;}, 7 is said to be
independent if {o(X;)},c7 are independent.
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1 Independence

Definition 1.1 (Independence of o-algebras). Consider (2, F,P) and Fi, Fa,...,Fn C F
to be a sub-c-algebras of F. Then we say Fi,...,F, are independent if for any
Ay € F1,Ay € Fo, ..., A, € F,, we have

(A1) - 1o

Definition 1.2 (General definition of independence). Any collection {F;},.; with F; C F is
said to be independent if any finitely many of them is independent.

Definition 1.3 (Independence of sets). Any collection {A;},.; with A; € F is said to be
independent if ANY FINITELY many o({4;}) are independent.

Definition 1.4 (Definition of independent of RVs). Any collection {X;}, .7 is said to be
independent if {o(X;)},c7 are independent.

Lemma 1.5 (Borel-Contalli). 1. As long as {An},—, satisfies Y ;o P(An) < oo (no
conditions on P or A;’s), then P({w : w is in infinitely many A,,’s}) = 0.

2. If {An},2, are independent, (i.e., any finitely many o(A;) are independent), then
as long as Y o2 1 P(Ay,) = oo, then P({w : w is in infinitely many A, ’s}) =1
2 Four notions of convergence of RVs

Definition 2.1 (Almost surely convergence). A sequence of RVs {X,} 7, is said to be
converging almost surely to another RV X (X,, — X a.e.) if

1. All RVs, {X,,} and X, are over the same probability space (2, F,P);
2. limy 00 Xy = X ace. (limy 00 fro = fra.e.).

Definition 2.2 (Converging in probability). A sequence of RVs {X,,} >~ ; is said to be converging
in probability to another RV X (X,, & X) if

1. All RVs, {X,,} and X, are over the same probability space (2, F,P);
2. For any € > 0, we have lim,_,o P(|X,, — X| > €) = 0.

Definition 2.3 (Converging in L? norm). Consider p € [1,00]. A sequence of RVs {X,,} > ;
is said to be converging in LP norm to another RV X (X, L X) if

1. All RVs, {X,,} and X, are over the same probability space (€2, F,P);



2. || Xy — X||;p = 0asn— oo.

Definition 2.4 (Converging in distribution/weak convergence). A sequence of RVs {X,,},7 ,,

each of a CDF {F,}, is said to be converging in distribution or weakly convergent to

another RV X, of a CDF F, (X, A X) if for any continuity points ¢t of F', we have
lim,, o F(t) = F(t).

3 Relation between the 4 notes of convergence

Theorem 3.1. Convergence almost surely implies convergence in probability.
Proof. Given X,, “3 X, we have
PlmX, =X)=1 < P(Ve>0, I n, st YVn>n, |X,—X|<e =1

By fixing € > 0, we obtain

1=P(3n, st. VkE>n, |X;—X[<e¢
=P(UpZ) M2, {| Xk — X[ < €})
- P(UgozlAn)
= lim P(Ay) *.+ A, is non-decreasing
n—oo

= lim P(OR{1X5 — X| < ¢})
< lim P(|X, — X| <€)

n—oo
1.

IN

So limy, 0o P(| X, — X| <€) = 1. O

Theorem 3.2 (Riesz). Given X, 2 X, there exists a subsequence {ny},~, such that
X, %X,

Proof. 1t is similar to the proof of Riesz-Fischer theorem (i.e., LP space is com-
plete. Given X,, 2 X, we have for any ¢ > 0, limy, 00 P(|X,, — X| > €) = 0 which
means for any ¢ > 0 and any J > 0, there exists n such that for any K > n,
P(| X} — X| > 6). Now choose ¢ = 27%~1 and § = 27%, then there exists nj such

that for any m > ng, IP’(|Xm - X| > 2_’“_1) < 27k We can similarly pick n; and
njt1 such that ]P’(\Xnk ~X|> 2*K*1) < 2% and ]P’(|Xnk+1 ~X|> 2*’H) <2k 1t
means IP’(‘XWJrl — X, | > 2*’“*12) < 2-27%. By the proof of LP completeness theorem,
we established {X,,, (w)};2; is a Cauchy sequence for almost all w. Thus, there exists

some Y such that X, (w) = Y(w) a.e. (i.e. X,, “5 some RV Y. It remains to show
X =Y ae. If X,, & X and Xn, %Y, then X =Y a.s., completing the proof. O

Theorem 3.3. Convergence in probability implies convergence in distribution.



Proof. Fix an € > 0. Then FYy, (t) :=P(X, <t) =P(X,, — X + X <t). Observe that
{Xp — X+ X <t} C{X <t+e}U{|X,—X]|>¢€}. So

P(X, - X +X <t)<P(X <t+e)+P(X,—X|>e)

and Fx, (t) < Fx(t+¢€) +P(| X, — X| >¢) = limsup Fx, (t) < limsup Fx(t+¢€) +
limsupP(|X,, — X| > €) = limsup Fx(t +¢€¢) = Fx(t +¢€). By taking e — 0, we have
limsup Fx,, (t) < Fx(t). Symmetrically, picking € < 0, we have liminf Fx, (t) > Fx(t),
implying that for any continuous point ¢ of Fx, lim Fx, (t) = Fx(t) (i.e., X, 4 X.). O

Remark 3.4. The theorem is not correct if we ask for all ¢ including discontinuity points
of F X-

Theorem 3.5. If X, i> c where ¢ is a constant, then X, L.
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1 Finishing convergence theorems
Theorem 1.1 (DCT). Assume

o {X,}, X from (Q,F,P) to (R,B(R)),
o | X,| <Y a.s. (domination condition),
e E[Y] <oo (Y isin L'(P) space,

. X, B X.

Then E[|X,, — X|] = 0 as n — oo implies E[X,,] — E[X].

Proof. Suppose X, 2 X. Then take Z, := |X,, — X| and a := limsup,_,. E[Z,] > 0.
Because a = limsup E[Z,,] by mathematical analysis, there exists a subsequence {ny}
such that E[Z, ] — a. Since Z, 5o0as X, B X, iy 20, and there exists
a further subsequence nj of ny such that Zn,, %2 0 and E[an,} — a. However,
by DCT E[an,} — 0, s0 a = 0. Thus 0 = limsupE[Z,] > liminf E[Z,] > 0, so
lim E[Z,] = 0. O

Theorem 1.2 (Slutsky’s theorem). If X, 4 X and Y, & ¢ for some constant c, then
Xp+Y, 5 X +cand XY, % cX.

Theorem 1.3. Conwvergence in LP norm implies convergence in probability.
Proof. For any € > 0, we have

lim P(|X,, — X| >¢) = lim P(| X, — X" > €)

_ p
L E[|X, - XP)

n—00 174
i e = XIE,

n—00 174

=0

IN

O

Theorem 1.4. Convergence in probability implies convergence in LP norm provided that
sup| X, | < ¢ < oo a.s.



Proof. Use the “truncation trick”. Observe that

Tim E[|X, — X[’ = lm E[| X — X1 00) (| Xn = XP)| + E[|Xn = XIP1(_s0)(| Xn = XIP)]
< HILHSO(QC)p P(X,, — X|P >e)+ €
< €.

Thus, lim, . E[| X, — X|?] = 0. O

Remark 1.5. This bound is loose and the uniform boundedness assumption is strong.

2 Uniform Integrability

A much better condition than the uniform boundeness one is Vitalli’s uniform integra-
bility (u.i.)

Definition 2.1 (u.i.). A sequence of RVs {X,,} is said to u.i. if for any € > 0, there exists
K = K, > 0 such that sup, E[|X,|1(|X,| > K¢)] <e.

Theorem 2.2 (Vitalli's L' convergence theorem). Given uniform integrable and convergences

1
a.s. or convergence in probability, we have X, L Xx.
Proof. Consider another type of truncation function
-K x € (—o0,—K)

dr(x) =(x re[-K,-K] .
K z € (K, 00)

Observe that
E[|X;, — X|] = E[Xy, — ¢ (Xy) + ¢k (Xn) — ¢x(X) + o (X) — X]
< E[[Xn — ox(Xo)|] + Ellox (Xn) — ¢ox (X)]] + E[|l¢x (X) — X]]

The first term is

E|(Xn — K)L (k00 (Xn) + 0L (o) (1Xal) + (X = (~E)) (-0, ) (X)|
< S [1Xal - Lo (X0

<e€

by choosing K > K.. The second term has the property that ¢x(X,) L, oK (X)
as X, 5 X and éx is continuous implying o (Xn) RN ®i(X). For the third
term, by wi. and X, & X, E[|X|] < oo and |¢x(X)— X| < |X|. By DCT,
limg oo E[|¢pg (X) — X|] = E[0] = 0aslimg 00| (X) — X| = 0. Thus, E[|X,, — X|] —
0. O



2.1 Sufficiency condition

How to verify uniform integrability?

Proposition 2.3 (Sufficient condition of u.i.). If there exists p € (1, 00) such that sup E[| X, |"] <
00, then {X,} is u.i.

Proof. Observe that

Xl
Xl

X,|P
L o (1)

_ E[Xal (ke (1Xnl)]
- Kp-1
_ o EIXAl]
N np Kp—l
C
<
< s
—0

SUD E | X[ .00) (| Xa)| = supE n(K,oo><\Xn\>]

< sup]E{
n

as K — oo. In other words, for any € > 0, there exists K = K, such that sup, E [|Xn’]l(K5,oo)(|Xn’)} <
€. O
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1 Review

Recall that we have the following implications between notions of convergence:

o Convergence almost surely = convergence in probability,

o Convergence in probability = there exists a subsequence converging almost
surely,

o Convergence in probability = convergence in distribution,

o Convergence in LP norm = convergence in probability,

e Convergence in probability = convergence in LP norm with Vitalli uniform
integrability.

This lecture we will prove the last implication.

2 Uniform integrability

Definition 2.1 (u.i.). A sequence of RVs {X,,} is said to u.i. if for any € > 0, there exists
K = K, > 0 such that supE[|X,,|1(|X,| > K¢)] <e.

Proposition 2.2 (Sufficient condition of u.i.). If there exists P € (1, 00) such that sup E[| X,,|’] <
0o, then {X,,} is u.i.

Proposition 2.3 (Necessary + sufficient for u.i.). {X,}, <, s u.i. if and only if

o sup, E[|X,|] < oo,

o For any € > 0, there exists § > 0, such that for any A € F satisfying P(A) < 4,
we have sup,, [4|Xp|dP < e.

Proof. Forward direction: If {X,} is u.i., then picking ¢ = 1, there exists a constant

K < oo such that suan[|Xn]IL(K7oo)(|Xn|)} < 1. Thus,

sup | X ] = sup B [| X1 (100) (1 Xa])] + 50D E[| X0 (_oc, (| X))

<lI+K

< Q.



On the other hand, for any A € F and any a > 0, we have, for any n =1,2,...,

/\Xn|dIP:/ X, |dP + X, |d P
A An{| Xn|<a} AN{| Xn|>a}

< / adP + | X, |dIP
A {|Xn|>a}
= aP(A) + E || X1 (g,00) (| Xn])|.

The first term is small by picking P(A) to be small enough. The second term is small
by u.i. and putting a to be large.

Backward direction: Using Markov’s inequality, for any a > 0, sup,,»; P(|X,| > a) <

M, implying that {|X,| > a} is converging to 0 as a — oo. By choosing

a
A ={w:|X,(w)| > a} in the second condition, it implies u.i. O

Corollary 2.4. For any integrable random wvariable X (i.e., E[|X]|] < o0), we have
Ve > 0,30 >0, s.t. VA € F satisfying P(A) < 0, it is true that [4|X|dP <.

Proof. By picking X1 =Xo=---=X,,=---=X. O

3 Strong/Weak law of large numbers

3.1 Weak law of large numbers
Theorem 3.1 (Weak law of large numbers (WLLN)). Consider X1,..., X, to be

e L? bounded (i.e., E[\XZﬂ < 00,
o over the same probability space (2, F,P).

Let p; :=E[X;], 045 := Cov(X;, X;). We claim that

|

1. For any € > 0,

Tl2€2 ’

1 & 1 &
a;Xi—;zﬂi
= =1

>e> < 22i 2.5 0ij
2. As long as

we have

3. In particular, if

(a) {X;} are pairwise uncorrelated, i.e., o35 =0 if i # j;
(b) pi = pj for any i, j;



(¢) sup; oy < oo. Then 137 | X, L= .

Notice that if (a) is true, then

nsup; 0y < Sup; i
n—00 n2 n—oo n, n—o00 n2 - n

Proof. We only prove the first claim here. LHS is equal to

2.2
i—1 n-e

*.» Markov’s inequality

n n
E[ i=122j=1 Uij}
n2e2

3.2 Strong law of large nhumbers

Theorem 3.2 (Strong law of large numbers (SLLN), Etemadi 1981). Assume

1. {Xn},>1 is pairwise independent and identically distributed;

2. E[|X,|] < oo (i.e., the mean exists).
We claim %Z?:l X; % =E[X1].

Proof. Step 0: We claim that we only have to consider these X;’s that are nonnegative
by separately discussing X;' and X, .
Step 1: Starting from here, we assume X; > 0. Introduce Y; := X, - 1(X; < i). We

a.s

claim that as long as we can show % > Yi = p, then % S Xi ©% . To see this, by 1st
B-C lemma,

D P(Xi #Yi) =) P(X; # XiL(X; < i)
i=1 i=1

<) P(X; > i)
i=1
ZIP’(Xl >1) . X;’s are identically distributed
i=1
< E[X]

< Q.

This implies > 72, P(X; #Y;) <oco = P(X; #Y; i.0.) =0 by 1st B-C lemma. This

implies % Y — % X 2% 0. Thus, the claim is true.

Step 2: We claim that as long as Z, := 2 Y7 (V; — E[Y;]) ©¥ 0, then 2 37 | V; &%

1. To see that, it suffices to show 1 37 E[Yj] — p =: E[X1]. Notice that E[Y;] —E[X;]
-E [Xl-]l[@oo) (Xl)} It is clear that X;1}; .y(i) < X; which has a finite expectation. By



DCT, lim{E[Y;] — E[X;]} = E[lim; —X;1}; ) (X;)] = 0. Then, mathematical analysis
confirms 2 "7 | E[V;] — 2 Y7 pn— 0 as n — oo,

Step 3: We claim that there exists a subsequence {K,},<; of {n} s.t. Zg, “3 0.
To see this, fix an arbitrary o > 1 and let K, := [&"] where [-] takes the integer part of
the input. Then we can show Z, “3 0.

Step 4: Z, “3 0. Denote T, := Yo, Y. Then, for any m € (K, Kpt1) In <

Y om —

Trpt+1 _ TKnp1  Knga T > Trn _ Ty Kn Tr, Ty as.
B = Koo o Also, 2 Rl T RO RaT From step 3, K5 Koo
Kn _ 1 Knt1 _ ; I i inf Lm ; Tm ;
and Fid = a and o = Q. This means o < lim inf < lim sup < Q. Finally,
pushing « to 1 yields lim,— o Tﬁ = U. ]
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Lecture 17: Central Limit Theorem |

Scribe: Wenhao Pan

STAT 559. Spring 2024
Prof. Fang Han
May 24th, 2024

1 Famous Quote from Fang today

“Gauss probably knows more than me at his age 10.” — Fang Han

2 Strong law of large numbers, CLT

2.1 Strong law of large numbers

Theorem 2.1 (Strong law of large numbers (SLLN), Etemadi 1981). Assume

1. {Xn},>1 is pairwise independent and identically distributed;

2. E[|X,|] < oo (i.e., the mean exists).
We claim %Z?:l X; % p=E[X1].

Proof. More detailed proof was in the last lecture. Here we briefly review the proof and
focus on step 3. Step 0: Only need to consider X; > 0.

Step 1: Define Y; := X; - 1(X; <)
Step 2: Define Z, := 2 "7 (V; — E[Y}]).

Step 3: For K,, = [a"] for some « > 1, it holds true that Zx, “% 0.To see this, fix
any € > 0, and check

P(|Zk,| > ) = P(Z, > )

&=

€
E[(Siq (V; — E[Yi)P?
K2e?
_ Zilinl Var(Y;)
~ e

The second step follows by E[X?] can be infinity but E {Z%("} can’t. The last step follows
by X;’s are pairwise independent implying that Y;’s are pairwise independent, further
implying that Cov(X;, X;) = 0 for any i # j provided that E[Y;?] < co. Continuing the



proof, by 1st B-C Lemma,

o 2k, > Var(Ys)

Z (|Zk,| > ¢) _Z

K2e?

= QZ{VEM

IN

Var

2622

| /\

=2 Z:{Var(lﬁ)

X1 < 7,)]

1
Z } -.» Fubini’s theorem
K2
nKp>i

C > 1 _C
ZQ} 30 =Caste Y 15 <

2
Kp=i" T

-.»identical distributed

2622
= QZE[Xl

i=1
1

IN
|

CElC xi]

c.c
- E[X;]

6

| A

< oo.
This implies that > o°

implying that Zx, “% 0.
Step 4: Z, “3 0.

3 Central limit theorem (LLT)

Theorem 3.1 (CLT, Lyapunov). Let Xy, Xo, ...

Then

) leil(xz - i)l

(X; <z)}

-+ 3C" s.t. the inequality holds

> 1 P(|Zk, | > €) < oo. By 1st BC lemma, P(|Zk,| > €,i.0.) =0,

O

be i.i.d. with mean p < 0o and o < <.

N(0,1).

The approach to proving CLT is by Paul Levy using characteristic function.



Theorem 3.2 (Levy continuity theorem). X, 4 X if and only if ¢x, (t) — dx(t) for any
t € R where (?ZSXn (t) — E[ei-tXn} and ¢X(t) _ ei'tX,

Why do we use the characteristic function? First, Cauchy develops a form of CLT:
o E[X,] — E[X],
« E[X7] - E[X?],
. d
e — X, = X

This argument requires all moments of X,,’s existing. Instead, the c.f. approach does
NOT require all but ONLY 1st and 2nd moment existing.

Second, if X isa R.V. with c.f. ¢x(-), for each § > 0, define fy(z) := o= [ e~ 4 (1) dt.

T 2w

Then, for any bounded continuous g : R — R, E[g(X)] = limg_,¢ [ 9() fo(x)d, which
dependes only on ¢(X;).

Theorem 3.3 (Portmanteau Lemma). A sequence of RVs {X,,} converges in distribution
to a RV X if and only if for any bounded continuous g : R — R, lim,—, E[g(X,)] =
E[g(X)]. In particular, by choosing X1 = X9 = --- = X,, = --- =Y, Portmanteau

lemma says'Y 4 x if and only if for any bounded continuous g, E[g(Y)] = E[g(X)]. In
particular, with inversion formula and Portmanteau, X ly if and only if 6x(-) = oy (+).

Proof. It X £V, then ¢x(-) = ¢y ().
If ¢x(-) = ¢y (-), then for any 0 > 0, f(-) = 5 [---¢x(t)dy and [} (-) =
% [+ ¢y (t)d;. By inversion formula, for any bounded continuous g : R — R,
O

E[g(X)] = limg_yo [ -+ fE(t)dt = limg_o [ - - £} (t)dy. By Portmanteau, X < Y.
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Lecture 18: Central Limit Theorem Il

Scribe: Wenhao Pan

STAT 559. Spring 2024
Prof. Fang Han
May 29th, 2024

1 Famous Quote from Fang Today

“I'm doing the European style bowing as the people we talked about in this class are all
Furopeans.” — Fang

2 Final
Here are important topics that might show up in the final exam:
e almost everywhere
o four notions of convergence
o strong/weak law of large numbers
o Fubini-Tonelli
e Random variables: law, CDF, pdf, o-algebra generated by RVs, independence,
expectation, theorem of unconscious statisticians.
3 Inervsion formula

Theorem 3.1 (Inversion formula).

o0

Elg(X)] = Jim [ g(a)fa(a)do

with fo(z) = o= [° e7 1970 g (t)dt.
Proof. Let ¢(t) = ¢,(t) and p be the law of X. Then

1. 6(t) = E[eX] = [ e™dp(y)
2. Fubini then applies to fy(-), giving

fo(z)
_ % /_OO /OO i(ym)t@tht:| du(y)

L[~ i(20)7% ( e T
- %/_ \/7 / (v=a)s . 2 rds dp(y) . m-parameterization

L

(y—x)2
© e 40

T

N

dp(y)



which is the pdf of X + Zy where Zy is independent of X and Zy ~ N (0, 20).

Then Slutsky theorem proves since Zy P 0as 0 — 0, then X + Zp A X,
then Portmanteau lemma shows for any bounded continuous g : R — R,

E[g(X + Zp)] "3 E[g(X)).
Il

4 CLT

Lemma 4.1 (Telescoping inequality). Consider ai,--- ,an and bi,...,b, s.t. |aj] < 1,
|bi| <1, foranyi,j=1,2,--- ,n. Then |[[i=; a;i — [T bi| < >ieqlai — bil.

Lemma 4.2 (Taylor expansion). For any x € R,

<m1n{|x!2 \x! }
o

Theorem 4.3 (CLT, Lyapunov). Let Xi,...,X,,... be i.i.d. sequence of variables with
mean p < oo and variance o < oo. Then

2

, x
e’ —1—1ix

+2

N(0,1).

Proof. The proof is by Paul Levy that related % to the pointwise converge of ¢x, (-) —
ox () as n — oo.

Levys continuity theorem shows X, 4 X if and only if ¢x, (-) = ¢x(-) pointwise
for any ¢t € R. To prove CLT, defining S, = ﬁ Y1 Zi. Then it

= ﬁ 21

2
suffices to prove for any t € R, ¢s, (t) = dpr0,1)(t) = e 7.
The LHS is

i1 n . it it it
E |:€Ztﬁ Ei:l Z,] ) [ezﬁZlezﬁZg o ez\/ﬁZn

2

. t n _tZ . 2\
It remains to show [¢Z1 (ﬁ)} —e 2 = hm,Hoo(l — 2n) . So we only have to show

for any t € R, : N .
[ (R - (- %)

By Telescoping inequality lemma,

en ()] - (- 52)

— 0.

<n-




By Taylor expansion lemma,

3 3
15 U\/ﬁ S pieking x =tz n

The second line follows by picking = = *£. Since t2Z?% is integrable, by DCT,

: Y )" : oo 120
nh_}rglo‘ [qbzl (ﬁ)} — (1 — 2n> < lim E [mm{t Z1,

S

n—00 g\/ﬁ
3 3
= E[lim min{tzle, 1712, H
n—00 g\/ﬁ
=0.
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